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Abstract 

Let Q a group of germs of analytic diffeomorphisms in (C^,0). We find 
some remarkable properties supposing that Q is finite, linearizable, abelian 
nilpotent and solvable. In particular, if the group is abelian and has a generic 
dicritic diffeomorphisms, then the group is a subgroup of a 1-parametric group. 
In addition, we study the topological behaviour of the orbits of a dicritic 
diffeomorphisms. Last, we find some invariants in order to know when two 
diffeomorphisms are formally conjugates. 



1 Introduction 

The study of germs of holomorphic diffeomorphisms and finitely generated groups 
of analytic germs of diffeomorphisms fixing the origin in one complex variable was 
started in the XIX century, and has been intensively studied by mathematicians in 
the past century. Such groups appear naturally when we study the holonomy group 
of some leaf of codimension one holomorphic foliation. 

From the Poincare-Siegel linearization theorem, (See [@ or it follows the 
study of local topology and the analytical and topological classification of diffeo- 
morphisms of (C", 0) having linear part in the Poincare domain, or in the Siegel 
domain that satisfy the Brjuno condition. The resonant case in one dimension is 
well known too, the local topology and topological classification was giving in Ca- 
macho 0. Moreover the analytical classification in the resonant case is due to Ecalle 
[P], Voronin [^, Martinet and Ramis |]12| and Malgrange p^ . 



The topological classification in dimension 2 in the partially hyperbolic case with 
resonances has been studied by Canille [H] and the topological behavior in dimension 



> 2 in the partial hyperbolic case by Ueda |T9|. In the case, tangent to the identity. 
Hakim and Abate have shown the existence of parabolic attractive points. 

In addition, there is an almost complete analytic classification of the group of 
one dimensional germs when we assume some algebraic hypothesis as finiteness (See 
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abelian, solvable (see P and [T^). See for a complete survey of this 
classification. 

In this work, we deal with germs of diffeomorphisms in (C^, 0) and the finitely 
generated group of germs. 

In section 2 we give the definitions and preliminary results. In section 3 we study 
the finite and linearizable groups of diffeomorphisms. We prove a generalization of 
Mattei-Moussu topological criteria about finiteness of a group, 



Theorem |3.1J Let F E Diff(C , 0). The group generated by F is finite if and 
only if there exists a neighborhood V of 0, such that |Oy (F, X) | < cxd for all X eV 
and F leaves invariant infinite analytic varieties at 0. 

It is easy to see that finite groups case is a particular case of the linearizable case. 
Proposition |3.4| shows that in a special case the topological linearization implies the 
analytical linearization. In addition, for this special case we construct the moduli 
space (topological vs analytical) of the diffeomorphisms that are conjugate that 
diffeomorphism 

Theorem |3.4| Let be F E Diff(C",0), where A = DF(0) is a diagonalizable 
matrix with norm 1 eigenvalue, i.e. A = diag{e^'^^^'^ , . . . , e^'^'^^") where Xj G M. 
Suppose that F is topologically linearizable. Then 

^top{F) SL{n,Z) 
HhoiiF)' SLA{n,Z) 

where SLA{n,Z) = {B e SL{n,Z)\{B - I)X G Z"}. 

In particular, we prove that the moduli space topological vs C°° is trivial. 

Finally, we show that a group of diffeomorphisms is linearizable if and only if 
there exists a vector field with radial first jet invariant by the group-action, i.e. 



Theorem |3.5| A group Q C Diff (C", 0) is analytically linearizable if and only if 



there exists a vector field X = R + ■ ■ ■, where R is a radial vector field such X is 
invariant for every F E Q, i.e. F*X = X . 

In section 4 we study the groups of diffeomorphisms supposing that they have 
some algebraic structure. We prove that if ^ C Diff(C^,0) is a solvable group then 
its commutator subgroup is trivial. Furthermore, we characterize the abelian 
subgroup of diffeomorphisms tangent to the identity, and in the case when the 
group contains a dicritic diffeomorphism, i.e. the group contains a diffeomorphism 
F{X) = X + Ffc+i(X) + •■• where Ffc+i(X) = f{X)X and / is a homogeneus 
polynomial of degree /c, we prove that the group is a subgroup of a one parameter 
group. We write Diffi(C^, 0) to denote the group of diffeomorphisms tangent to the 
identity at G C^. 



Theorem Let Q < Diffl(C^O) be abelian group, and F G Q a dicritic 
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diffeomorphism. Suppose that exp{f){x,y) = F{x,y) where 

d d 

f = {f{x, y)x + Pk+2{x, ^) + ■ ■ 0^ + (/(a;, y)y + qk+2{x, 2/) + ■ ■ 

f{x,y) is a homogeneous polynomial of degree k and g.c.d{f,xqk+2{x,y)—ypk+2{x,y)) 
1, then 

g <{expitf)ix,y)\teC). 

In the section 5 we analyze the behavior of the orbits of a diffeomorphism tangent 
to the identity. We prove a generahzation of the one dimensional flower theorem to 
two dimensional dicritic diffeomorphisms, i.e. 

Theorem |5.3| Let F : (C^, 0) —>■ (C^, 0) be a dicritic diffeomorphism fixing zero, 
i.e. F can be represented by a convergent series 

pu y) = (^^ xpk{x, y) + Pk+2{x, y) + -- 
\y + yPkix,y) + qk+2ix,y) + -- 

and F = Il*F : (C^, D) (C^, D) be the continuous extension of the diffeomorphism 
after making the blow-up in (0,0). Then there exist open sets U+,U- C such 
that 



1. U+ UU- is a neighborhood of D\ {(1 : v) E D\pk{l,v) = 0}. 

2. For all P G , the sequence {F'^{P)}n&i converge and lim F'^{P) G D. 

n— >oo 

3. For all P G U~ , the sequence {F~"'{P)}ne'M converge and lim F~'^{P) G D. 



An equivalent local theorem is proven in the non dicritic case. 

Finally, in section 6 we show the formal classification of diffeomorphisms tan- 
gent to the identity using the notion of the semiformal conjugacy. We show that 
a representative diffeomorphism found using semiformal conjugacy and a cocycle 
determine its formal conjugacy class. 

In the case of dicritic diffeomorphisms, we find a rational function that it is going 
to play an equivalent role to the residue in a one dimension diffeomorphism. 

Theorem |6.3| Let F G Diffi(C^,0) be dicritic diffeomorphism and F{x,v) = 

2; -|- X^~^^p(v) -\- X^'^'^i' ■ ■) \ 

, . \ be the continuous extension of the diffeomorphism after 

V + X [■ ■ ■) J 

making the blow-up in (0,0). Then there exists a unique rational function q{v) such 
that F is semiformally conjugate to 

„ , X + x'''^^p{v) + x'^''~^^q{v) 
Gf = I 

V 
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in C\ {p{v) = 0}. In addition, q{v) = ^^Jp+i where s{v) is a polynomial of degree 
2k + 2 + 2kd{p{v)). 



2 Preliminaries 

Let Diff(C" , 0) denote the group of n-dimensional formal diffeomorphisms fixing 
zero, i.e. 

l5iff(C", 0) = {H{X) = AX + P2{X) + ---\Ae Gl{n, C), G C"[[X]]i}, 

where X = (xi, . . . , x„) and C"[[X]]j is the set of n-dimensional vectors with coeffi- 
cients homogeneous poljiiomials of degree i. 

Let Diff(C",0) C Diff(C",0) denote the pseudo-group of germs of holomorphic 
diffeomorphisms, i.e. the power series that represent every H G Diff(C",0) conver- 
gent in some neighborhood of G (C", 0). 

For each j > 2, let Diffj(C", 0) (resp. Diffj(C", 0)) denote the subgroup of formal 
(resp. analytic) diffeomorphisms j-fiat, i.e. F{X) G Diffj(C",0) (resp. F{X) G 
Diffj(C", 0)) then F{X) = X + Pj{X) + ■ ■ ■. 

The same way define 0) the Lie algebra of formal vector fields of C", j'-fiat 

in G C", i.e. 

X,(C^ 0) = {Fi(X)— + ■ ■ ■ + F„(X)^| where G © C[[X]],}. 

OX\ OXyi i=j 



Proposition 2.1 The exponential map exp : Xj(C",0) — > Diffj(C", 0) is a bijection 
for every j > 2. 

Proof: The proof follows from a straightforward generalization of the proposition 
1.1. in ]g. □ 

Notice that Xj(C"', 0) is the formal Lie algebra associate to the formal Lie group 
Diffj(C'^,0). It is not difficult to prove that if the vector field is holomorphic, then 
the associated diffeomorphism is also holomorphic. The converse is false in general. 

Definition 2.1 7i, ^ C Diff(C",0) are ca//ed formally (analytically) conjugate 

if there exists g G Diff (C", 0) (g G Diff(C", 0) ) such that goHog-^ = Q. 



Definition 2.2 Ti.Q C 013(^^,0) are called topologically conjugate if there 
exists t : H ^ Q bijective group homomorphism and g : U ^ 9{U) local homeo- 
morphism at 0, such that F o g = g o t{F) for all F E Ti in some neighborhood of 
0. 
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In particular, some group Q is called linearizable if there exists g such that 
g o Q o g^^ is a linear group action. Moreover, if (7 is a diffeomorphism formal, 
analytic or continuous then the group is called formally, analytically or topologically 
linearizable respectively. Let Ag denote the set {DG{^)\G G Q}. To understand 
when a diffeomorphism is formally and analytically linearizable we need the following 
definition 

Definition 2.3 Let G G Diff(C",0). G is called resonant if the eigenvalues of 
(j"(0), A := (Ai, . . . , An), satisfies some relation like 

- Aj- = A^^ ■ ■ ■ A™" -Xj=0 

for some j = 1, . . . ,n and m G N" where \m\ = mi + ■ ■ ■ + m„ > 2. Otherwise, it is 
called non resonant. 



Definition 2.4 Let A G Gl{n,C) and suppose that A is not resonant. We say that 
A satisfies the Brjuno condition if 



^2-^log(fi-^(2'=+^)) < +00 



k=0 

where Q(k) = inf I A-' — Ajl. 

2<|jj<fc 
l<i<n 

Theorem 2.1 Let G G Diff(C",0), where G{X) = AX ^ , A diagonalizable, non 

resonant. Then G is formally linearizable. In addition, if G satisfies the Brjuno 
condition, then this linearization is in fact holomorphic. 

In the resonant case in dimension one is easy to see that f{x) = g o h{x) where 
g and h commute, g^ = id and h is tangent to the identity. Notice that g and h are 
in general, formal diffeomorphisms. 

Theorem 2.2 (Camacho [^) Let h{x) = x + ax^^^ + ■ ■ ■? the.n h is topologically 

conjugate with x ^ x + x^^^ . 

Thus, the topological classification is very simple. In the same way the formal 
classification is simple 

Theorem 2.3 Let h{x) = x + ax^~^^ + ■ ■ ■, then there exists p such that h is formally 
conjugate with fa,k,p{,z) = exp(ajj^^). 

If 1 

p{h) is called the residue of h and p{h) = (b -r--^ dx. In particular, h is 

2TTi J h[x) — X 

formally conjugate with x ^ x + x^^^ + px^^^^ . 

In addition, there exists a unique gh tangent to the identity such that glh = 

ghoho g~^ = exp(axfc,p) where Xk,p = t^Wz- ^his gn is called the normalizer 

transformation of h. 
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3 Finite Groups 



The finite group of germs of liolomorpiiic diffeomorpliisms in one dimension appears 
naturally in the study of the holonomy group of the local foliation with holomorphic 
first integral around a singular point. 

Proposition 3.1 Let H be a finite subgroup o/Diff(C",0) (resp. Diff(C",0)^ then 
7i is formally (analytic) linearizable, and it is isomorphic to a finite subgroup of 
Gl{n,C). 

Proof: Let g{X) = ^ {H'{0))~^H{X). Note that 51 is a diffeomorphism because 
Hen 

g'{0) — ^{H)I, and moreover for ell F e H 

goF{X) = J2iH'm-'HoF{X) ^ F'{0)J2iiHoFy{0)r'HoF{X) 
Hen Hen 

= F\o)g{x) 

Thus goFog'^(X) — F'{0)X. In fact, we obtain a injective groups homomorphism 

n^Gl{n, C) 

F^{goFog-'y{0). ° 

Denote by A^^ C Gl{n,C) the group of linear parts of the diffeomorphisms in 
Ti, and p = #(7i), then for all matrix A G A^, = I. We claim that A is 
diagonalizable, in fact, for the Jordan canonical form theorem there exists B e 
G/(n, C) such that BAB~^ — D + N where D is a, diagonal matrix and N is such 
that ND = DN and ^ for some I e N, but Ap ^ I then {D + N)p = I. To 
prove the claim we need the following lemma 

Lemma 3.1 Let I be the least integer such that A^' = 0, then /, A", . . . , A"'"-*^ are 
C-linearly independent. 

Proof: Let ttmN"^ + • • • + a;_iiV^~^ = be a linear combination with 7^ m > 0, 
multiply by 7V'-"*-i we obtain that amN^~^ — 0, and for the minimality of I we 
conclude that = 0, it is a contradiction. □ 

We can suppose, that each block of the Jordan canonical form is of the form 
D = A/, thus {D + Nf = {Xl + Xy = /, therefore {XP-l)I+pX^~^N + - ■ ■ + Np = 0, 
for the lemma we have that A** = 1 and N — 0. 

In order to show a topological criteria to know when a diffeomorphism is finite 
we need the following modification of the Lewowicz lemma. 

Lemma 3.2 Let M, e M, be a complex analytic variety o/C" and K a connected 

component of in -8, (0) fl M. Suppose that f is a homeomorphism from K to 
f{K) C M such that /(O) = 0. Then there exists x e dK such that the number of 
iterations f^{x) & K is infinity. 
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Proof: Denote by /x = fi\K and = the number of iteration in K and K- It is easy 
to see that JI is upper semicontinuous, /i is under semicontinuous and ]l{x) > ii{x) 

o 

for all X E K. Suppose by contradiction that Jl{x) < oo for all x e dK, therefore 
exists n eN such that 'jl{x) < n for all x e dK. Let A — {xE K\'il{x) < n} D dK 

o 

and B — {x e K \l^{x) > n} 3 open set, and Af] B — $ since ]l{x) > fx{x). 

Using the fact that 7^ is a connected set, there exists Xq G K \ (A U B) i.e 
Ji{xo) > n > fi{xo), then the orbit of xq intersects the border of K, which is a 
contradiction since dK C A implies Xq E A. □ 

Let f : U ^ f{U) be a homeomorphism with /(O) = and x E U. We denote 
by Ou{f,x) the /-orbit of x that do not leave U, i.e. y E Ou{f,x) if and only 
if {x, f{x), . . . ,y = /''''(a;)} C t/ or {x, /["-^'(x), . . . , y = /'"''K^)} ^ ^r some 
kEN. 

Theorem 3.1 Let F E Diff(C^,0). The group generated by F is finite if and only 
if there exists a neighborhood V of 0, such that \Ov{F, X)\ < oo for all X E V and 
F leaves invariant infinite analytic varieties at 0. 

Proof: (=^) Let N = and h E Difr(C2,0) such that hoFoh-\x,y) = 

{XiX,X2y) where Af = = 1. It is clear than \0{F,X)\ < N for all X in the 
domain of F, and Mc = {h{x,y)\x^ — cy^ = 0} is a complex analytic variety 
invariant by F for all c € C. 

(<^=) Without loss of generality we suppose that V — Br(0) where F{V) and 
F~^(y) are well defined. Let M be a F- invariant complex analytic variety and Km 
the connected component of in M fl V. Let Ai = K, Aj^i = K D F~^{Aj) and C„ 
the connected component of in An. It is clear, by construction that An is the set of 
point of Km with n or more iterates in Km- Moreover, since An is compact and C„ 
is compact and connected, it follows that Cm — n°^iC„ is compact and connected 
too, and therefore Cm — {0} or Cm is non enumerable. 

We claim that Cm'^QK ^ and then this is non enumerate. In fact, if Cm'^QK = 
there exists j such that Cj fl dK = 0. Let B compact connected neighborhood of 
Cj such that {Aj \ Cj) n 5 = 0, therefore for aU X E dB we have Ok{F, X) < N, 
that is a contradiction by the lemma. 

In particular, C — Ccz is a set of point with infinite orbits in V and therefore ev- 
ery point in C is periodic. If we denote = {X E C\F^-{X) = X}, it is clear that 
Dn is a close set and Dn C Dn+i, moreover C = W^^iDn, then exists n E N such 
that C — Dn- Let G = F"' where it is well defined, observe that C is in the domain 
U of G and C C {X E U\G{X) = X} — L. Since L is a complex analytic variety 
of U that contain C then its dimension is 1 or 2. The case dimL = 1 is impossible 
because Cm C C G L for all M analytic variety F-invariant, contradicting that fact 
that O2 is Noetherian ring. In the case dimL = 2 follows that = X for all 

X E U, therefore {F) is finite. □ 
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This theorem can be extended to C" if we suppose that there exist infinitely 
many one dimensional invariant analytic varieties at in general position. 

Definition 3.1 Let Q < DifT(C",0) he a group of germs of diffeomorphisms. 

a) Q is called periodic if every element F & Q has finite order. 

b) Q is called locally finite if every subgroup finitely generated is finite. 

c) Q is called a group of exponent d, if F^"^ = id, for every element F E Q. 



Proposition 3.2 Let Q be a periodic group, then the homomorphism 

g^Glin,C) . . . 

IS imective. 

G^G'(O), 

Proof: In fact, suppose by contradiction that there exists F e S such that A{F{X)) — 
I, i.e., F{X) = X + Pk{X) + • • •, then, by straightforward calculation we have that 
FM(X) = X + rPk{X) + ---y^Id, therefore, the unique element of Q tangent to the 
identity is itself. □ 



Corollary 3.1 Let Q < Diff (C", 0) such that, every element F E Q has finite order, 
then Q\ <Q the subgroup of element tangent to the identity is trivial, i.e., Qi — {id}. 



Proposition 3.3 Let Q < Difr(C", 0) 

a) If there exists p e N* such that, for every F E Q, F^ = id, then Q is finite. 

b) If Q is periodic then every finitely generated subgroup is finite. 

For the proposition above we only need to prove that the item a) and b) are true 
for the group Kg < Gl{n, C). This fact follows from the next theorems 

Theorem 3.2 (Burnside) IfG < Gl{n,C) is a group with finite exponent m, then 
\G\ < m"'. 

Theorem 3.3 (Schur) If G < Gl{n,C) is a periodic group then G is locally finite. 

Corollary 3.2 Let Q G Diff(C^,0) be a finite generate group. The group Q is finite 
if and only if there exists a neighborhood V of 0, such that \Ov{Q , X)\ < oo for all 
X eV and F leaves invariant infinite analytic varieties at 0. 
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Proof: From the theorem |3.1| we know that every element of Q has finite or- 
der. Therefore from the proposition ^]2| follows that Q is isomorphic to the group 
{DG{0)\G G Q}. Finally from the Schur and Burnside theorem we conclude that Q 
is finite. 

Proposition 3.4 Let F E Diff(C",0) such that A = DF{0) is a diagonalizable 
matrix and the eigenvalues have norm 1. Then F is analytically linearizable if and 
only if F is topologically linearizable. 

Proof: Suppose that F is topologically linearizable and A is a diagonal matrix, i.e. 
there exists a homeomorphism h : U ^ h{U) where L'^ is a neighborhood of e C^, 
such that h o F{X) = Ah{X) where X e P-^U) = W. 

Claim: there exists a neighborhood V G W of E C"' such that F{V) = V. In 
fact, let r > such that 5(0, r) C h{U) nW undV = h~\B{0, r)), it is clear that 

F{V) = h-\Ah{V)) = h~\A{B{0,r))) = h-\B{0,r)) = V. 

m— 1 

Since Hm{X) = — A^^F^{X) is a normal family of holomorphic diffeomor- 

i=o 

phisms defined from V to the smaller Reinhardt domain that contains V, then 



H(X) = lim — V A'^F^(X) 

j=0 

is holomorphic in V, with H'{0) = Id, it follows that if is a local diffeomorphism 
at G C". 

Moreover, notice that H^{F{X)) = AHm{X) + ^(^'"-^^'"(X) - X) and 

hm ^ ^ = 0. 

m— »oo m 

We conclude therefore that H{F{X)) = AH{X) for all X eV. □ 



Definition 3.2 For all F G Diff(C",0), let 

Ti.top{F) = {G G Diff(C",0)|G' is topologically conjugate with F} 

and 

'Hhoi{F) = {G G Diff(C", 0)16* is holomorphically conjugate with F}. 

Theorem 3.4 Let be F E Diff(C",0), where A = DF{0) is a diagonalizable matrix 
with norm 1 eigenvalue, i.e. A = diag{e'^'^^^^ , . . . ,e'^'"^^'^) where Xj G M. Suppose 
that F is topologically linearizable. Then 

^top{F) SL{n,Z) 

nUF)~ SLA{n,Z) 

where 

SLA{n, Z) = {B e SL{n, Z)\{B - I)\ e Z"}. 
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Proof: 

From the proposition |3.4| , we know that every element of Ti.top{F) is analytically 
linearizable. Let G G TitopiF), H local homeomorphism such that F o H = H o G, 
h := H\six-xsh f = F\six-xs^ and g = G\s^x-xs^- H h = {h, . . . , /i„), since the 
norm of hj is invariant by F and G, we can suppose without loss of generality that 
h{S^ X ■ ■ ■ X 5^) = X ■ ■ ■ xS^ and then the following diagram commute 

S^x---xS^ ^ S^x---xS^ 

S^x---xS^ ^ S^x---xS\ 

Let n : ^ 5^ X • ■ ■ x^^, {zi, . . . , z^) ^ (e^^^^S . . . , e^^^^") be a universal 
covering of S*^ x ■ ■ ■ xS^, 

Let C be a lifting of i/|5ix...x5i- Observe that C|z" : ^ can be represented 
as a linear transformation, and since the volume of C([0, 1]") is 1, then C\i,n = M G 
±5L(n,Z). Therefore, C(Z) = M(|Z]) + ^({Z}), where [Z] = ([^J, . . . , [zj), 
{Z} = Z — [Zj and 9 = C|[o,i)n. In addition, 

C{Z)+ fi + C{Z + X) G Z" 

where /i = (/^i, . . . , and DG{0) = diag{e'^'"^'^^ , . . . , e^'^*'^"). In particular, making 
Z = we have 

C{jX) - jfi G Z", for all j G Z 

and replacing /i by /i + m for some m G Z", we can suppose that C{j\) = j/i. It 
follows that 

MiijXj)-ijf,] = {jf^}-ei{jX}). 

From the continuity of 6 and using that there exists a positive integers increasing 
sequence {a„}„gN such that {a„A} — > and {a„/i} — > 0, we have that M([a„A]) = 

n— >oo n— >oo 

[a„/i] for all n ^ 0, therefore 

MA = lim — M(|a„A]) = lim — Iflnyul = /i- 

Thus, if we have two homeomorphism that conjuge F and G, each one has as- 
sociated a matrix Mi, M2 e S'L(r;., Z) such that MiA - /i G Z" and M2A - /i G Z", 
then (MiM2"^ - /)A G Z", as we want to prove. □ 



Finally, for each element M G ifc it is easy to see that a linear holomorphic 



SL{n,Z) 

li ClCiilCiilj i^-l <^ -1- 

diffeomorphism G 

(xi, ...,Xn)^ (e^^^^'ixi, . . . , e^^^'^-Xn) where fx = M\ (mod 1), 
and the C°°- diffeomorphism if 

satisfies H o F = Go H. □ 
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CoroUciry 3.3 Let F,G & Diff(C",0) such that they are topologically conjugates, 
where A = DF{0) is a diagonalizable matrix with norm 1 eigenvalue, then they are 
C°° conjugate. 

Proof: Let /ii,/i2 holomorphism diffeomorphisms such that Fi — hi o F o h^^ 

and Gi = /i2 o G o ^ are Unear transformations. From the theorem there ex- 
ists a matrix M = {rriij) G ±SL{n, Z) such that the C°°-diffeomorphism H{X) = 

(^|a;i|e^?=i'"i^''''5^''^\ .... |x„|e^5'=i'""^ ''''s(^^')^ conjugate Fi and Gi. Therefore ^ ° 

H o hi conjugate F and G. □ 

Now observe that the radical vector field is invariant by the action of every hnear 
diffeomorphism. This fact characterizes every linearizable group 

Theorem 3.5 Q C Diff(C",0) is a group analytically linearizable if and only if 
there exists a vector field X = R + ■ ■ ■, where R is a radial vector field such X is 
invariant for every F i.e. F*X — X. 

Proof: (^) Suppose that Q is linearizable, i.e. there exists g : (C", 0) (C", 0) 
such that g'^ogog = {DF{0)Y\F e G}. Since {AY)*R = R for all A e Gl{2, C), 
in particular for every element F G Q we have 

R = {g-' o F o gyp = D{g~' o F o ^)(,-io,.-io<,(y))-%-' o F'^ o g{Y)) 
= ^%\y)) ■ DF^F-\g{Y)yDg^i^g-ioF-^og{Y)) ' {q'^ o F"^ o g{Y)) 

Replacing X — g{Y) and multiplying by Dgg-i(Y) we have that 

DF(p-i(x)-/^^((,-ioF-i(x)) ■ ig-' o F-\X)) = Dgg^.(j)g-\X), 

i.e. denoting X — Dgg-i(^x)g~^{X) we have that F*X — X. It is easy to see that 
X = R + ---. 

Now suppose that F*X — X for every element F E Q, where X = R + ■ ■ ■. 
Since every eigenvalue of the linear part of A' is 1, then X is in the Poincare 
domain without resonances, therefore there exists a analytic diffeomorphism g : 

(C", 0) ^ (C^, 0) such that g*X = R, i.e. X = {Dg^x))~^ ■ g{X). 

We claim that goF og~^(Y) = DF{0)Y for every F e ^. In fact, from the same 
procedure as before we can observe that 

{goFog-yP^R. 

Now, if we suppose that goFog-^ ^ AX + Pi{X) + Pi+i{X) H , where Pj{X) is 

a polynomial vector field of degree j, then it is easy to see using the Euler equality 
that 

{goFo g-yp ^AX + lPi{X) + (/ + l)Pi^i{X) + • • • , 
and therefore Pj{X) = for every j > 2. □ 
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4 Groups with some algebraic structure 



In this section we are going to study the groups of diffeomorphisms, when they have 
some additional algebraic structure as abelian, nilpotent or solvable. 
Let Q < Diff(C",0). The upper central series 

Zo = {id} C ZiiQ) C •■■ C ZniG) C ••• 

of Q is defined inductively where Zj^i{Q)/Zj{Q) is the center of Q/Zj{Q). The group 
Zj{Q) is called the j-th hypercenter of Q. Q is called nilpotent if Q = Zi{Q) for 
some /. The smallest / for which Q = Zi{Q) is the nilpotency class of Q. 

In the same way for any subalgebra £ C x(C",0), we define Zj[C] the jth 
hypercenter of £ inductively such that Zj^i{C)/Zj{C) is the center of C/Zj{C) and 
we say that C is nilpotent of class / if / is the smallest integer such that Zi{C) = C. 

The commutator series 

is defined inductively where g^ = [g^~^, g^~^] is the j-th commutator subgroup. 
g is called solvable, if there exists a positive integer / such that = {Id}. It is 
obvious that every nilpotent group is solvable. 

Denoting gi < g the normal subgroup of the diffeomorphisms tangent to the 
identity, it is easy to see that 

g/gi^Ag = {DGio)\Geg}, 

therefore g is solvable if and only if Ag is solvable and is solvable. 

In addition, if g is solvable, and let {id} = ^' < g^~^ < ■ ■ ■ <l <l ^ the 
resolution string, then using the group homomorphism A we obtain a new resolution 
string 

g' < g'-' < ■■■ < g' < g 

< G'-^ < ■■■ < G^ < G 

where G^ = A{g^). Denote by height{g) = I the height of the resolution string of g, 
then it is clear height{G) < height{g). Note that in the case where G < Gl{n,C) 
is a linear solvable group, it is known that height(G) is limited by a function that 
only depends on n, p{n). In fact Zassenhaus proved that p{n) < 2n and Newman 
|T^) has found p{n) for all n, in particular, p(2) = 4 and p(3) = 5. 



see 



Let gj = {G G ^i|where G is /c-flat, k > j}. It is easy to see that 

■ ■ ■ < gs < g2 < gi 

is a normal series and gj/gj+i are abelian groups. 

If gi n Difffc(C", 0) = {id} for some A; G N the following lemma show that is 
solvable, and provide a necessary condition in order to two diffeomorphisms tangent 
to the identity commute. 
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Lemma 4.1 Let F G Diff^+i(C", 0) and G G Diff,+i(C", 0), then 
F{G{X)) - G(F(X)) = VF,+i(X)-a+i (X) - VG,+i(X)-F,+i(X) + Oi\X\'-+'+^). 
In particular, [F, G] G l5iff^+,+i(C", 0) 

r+s r+s 

Proof: Let F(X) = X + ^ Ffc+i(X) + 0(|X|''+^+2) ^^^^ q^x) = X + ^ G',+i(X) + 
0(|X|"+^+2)^ then 

r+s 

F(G(X)) = X + 5^ G',+i(X) + 0(|Xr+^+2)^ 

fc=s 

r+s r+s 

+ Fk+i [X + Y. Gi+i{X) + 0{\XY+^+^)) + 0(|Xr'+^+2^ 

k=r k=s 
r+s r+s 

= X + ^G,+i(X) + Y,{Fk+i{X) + VFfc+i(X) ■ Gs+i{X) 

k=s k=r 

+ 0(1X1'=+^+')) +0(|X|'-+^+2) 

r+s r+s 

= X + 5^ G,+i(X) + Y Fk+i{X) + VF,+i(X)-a+i(X) + 0(|Xr+^+2) 



fc=s fc=r 



(1) 

In the same way we have 



r+s 

hs+2\ 



G(F(X)) = X + 5^ G,+i(X) + 5^ Ffc+i(X) + Va+i(X) ■ i^.+i(X) + 0(|xr^ 

k=s k=r 

(2) 

The lemma follows subtracting the equations (|I]) and (|^). □ 



Corollary 4.1 Let Q he a group of diffeomorphisms and suppose that there exists 
I G N such that Q n Diffi(C'',0) = {id}. Then Q is solvable if and only if Qp^'"'^ c 
Diffi(C",0), where p{n) is the Newman function. 



Theorem 4.1 Let Q be a solvable subgroup o/Diff (C", 0), then Qp^'^^+^ is a nilpotent 
group. 

Proof: Observe that If ^ is a solvable group, then = Qp^"^^ c Diffi(C", 0) is a 
solvable group. Let £ be the algebra associate to the group H by the exp function. 



X(C",0) 
X»(C",0) 

a natural projection VFj — > VFj, therefore we can think of 0) as a projective 



For every integer i > denote VFj = j^j^^r^- Notice that for all j > i there exists 
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limit lim VFj, moreover VFj has a natural structure of finite dimensional complex 

algebraic linear algebra. Let be the projection of £ in VFj, and [C]i the algebra 
of every linear combination . It follows that [C]i is a connected solvable Lie algebra of 
the same height as C Since [C]i is isomorphic to a linear Lie algebra, we know from 
the Lie-Kolchi theorem that they can be represented by upper triangular matrices, 
then [[C]i, [C]i\ is represented by nilpotent triangular matrices for every i e N. It 
follows that = lim [C^]j is a nilpotent algebra and then Ti^ is a nilpotent group. □ 



Corollary 4.2 Let Q a solvable subgroup 0/ Diff i(C", 0), then = is a 

nilpotent group. 



From the proposition is clear that if ^ C Diffi(C", 0) is solvable (nilpotent) 
if and only if the algebra associate to Q by the exp function has to be solvable 
(nilpotent). In particular in dimension 2 we have 

Proposition 4.1 Every nilpotent subalgebra C of x{C'^,0) is metabelian. 

Proof: Let TZ be the center of C Since TZ is non trivial then TZ ® i^(C^) is a vector 
space of dimension 1 or 2 over i^'(C^), where i^(C^) is the fraction field of (9(C^). 

In the case when the dimension is 2, there exist formal fields f and g linearly 
independent over i^(C^), thus every element f) G £, can be written as t) = wf + t>g, 
and since f , g G 7?. follows f (m) = f(t') = q{u) = g{v) = 0, i.e. u and v are constants, 
therefore C is abelian algebra. 

If the dimension of the center is 1, let f be a non-trivial element of TZ, and 
S = i^(C^)f n £, is clear that 7?. C 5 is an abelian subalgebra of C In the case 
C = S we have nothing to proof. Otherwise, since S is an ideal of C, let g be an 
element of C such that its image ai C/S is in the center of C/S. In the same way 
every element of C is of the form uf + vg where f (u) = f{v) = 0, moreover since 
[uf + VQ, f] G S, i.e. g(f ) = 0, follows that v is constant, and then £ is a metabelian 
algebra. □ 



Corollary 4.3 Let Q a subgroup o/Diff (C^, 0), then 

a) If Q is solvable then Q'^ = {id}. 

b) If Q is nilpotent then = {id}. 

Observe that b) is weaker that the Ghys theorem 

Theorem 4.2 (Ghys) Let Q be a nilpotent subgroup 0/ Diff (C^, 0), then Q is a 
metabelian group. 



The proposition [4.1| gives a characterization of abelian subgroup of Diffi(C , 0). 
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Corollary 4.4 If Q < Diffi(C^,0) be a abelian group, then one of the following 
items are true 



1. g < (^exp{NX) e Diffi(C2,0) 

g. 

2. g < (FMoGW|t, seC), where F,Geg and [F, G] = Id 



N rational holomorphic function \ , , ^.^ 

suehthatX{N) = Q j -^hereeM^) ^ 



If F and G are two elements of an abelian group of diffeomorphisms tangent to 
the identity then from the lemma |4.1] we have 

VF,+i(X)-a+i(X) - VGs+i{X) ■ F,+i(X) = 0. (3) 

It is clear that in the particular case when the dimension is 1 the equation is 
equivalent to say r = s. In general, this is false in dimension > 1, for example 
F{X) = exp(f)(X) G Diff2(C2,0) and G{X) = exp(0)(X) e Diff3(C2,0), where 

d d 
f = (x' + 3xy)— + (3x7/ + y^) — 

and 

d d 

Q = (3x^ - 5x'^y + xy'^ + y'^)— + (x^ + x'^y - 5xy^ + 3y^) — . 

ox oy 

Since [f, g] = it follows that F{X) and G{X) commute. In addition, F and G are 
holomorphic diffeomorphisms because f and g are holomorphic. 

Definition 4.1 Let F e Difrr+i(C'', 0). F is called dicritic if F{X) = X + 
Fr+i{X) + ■ ■ ■, where Fr+i{X) = f{X)X and f is a homogeneous polynomial of 
degree r. 

We are going to prove a generalization of the dimension one classification of 
abelian group for dicritic diffeomorphisms. 

Proposition 4.2 Let F G Diff,.+i(C", 0) and G G l5iff,+i(C", 0). Suppose that F 
is a dicritic diffeomorphism, and F{G{X)) = G{F{X)), then r = s and G is also a 
dicritic diffeomorphism. 

Proof: For the lemma ^]T] we have 

VF,,+i(X)G',+i(X)-VG',+i(X)F,+i(X) = 

= (/(X)/ + - va+i(x) ■ /(X)X 

= (/(X)/ + - (. + l)/(X)a+i(X) 

= (-s/(X)/+(x.^))-a+i(X) 
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From the identity det(aJ + AB) = det(a/ + BA) 



det(-s/(X)/ 



[Xi 



df 



)) 



^ dxi 



X^^ 







^ dxi 

-sf{X) 




^ dxi 



^ 8x2 



-^fiX)+x,§l 



9f 

"-dXn 

df 





-sfiX) 

Xo-^ 



-sf{X) 



s){f{x)y 



2 92:2 



sfiX) 
sf{X) 






s)f{X) 



So multiplying by the adjoint matrix of —sf{X)I + (xj^ 



we obtain (— s 



in-l/ 



s){f{X))^Gs+i = and then r = s. Denoting Gr+i = {gi, ■ ■ ■ , QnY, it is easy to see, 
multiplying the i row in (^) by x„ and subtracting the last row multiplied by Xj, 
that —sf{X)xngi + sf{X)xign = 0. Therefore x„|(7„. Defining g = —, we conclude 
gi = Xig for all i. □ 



Theorem 4.3 Let g < Diffi(C2,0) be abelian group, and F E Q dicritic dijfeomor- 
phism. Suppose that exp{f){x,y) = F{x,y) where 

d d 
f = if{x, y)x + Pk+2{x, y) + ---)^ + {f{x, y)y + qk+2{x, y) + ---)^, 

ox oy 

f{x,y) is a homogeneous polynomial of degree k and g.c.d{f,xqk+2{x,y)—ypk+2{x,y)) 
1, then 

g <{exp{tf)ix,y)\teC). 

Proof: Let G E Q, for the proposition [4.2| , G is a A; + 1-flat dicritic diffeomorphism. 
Let g such that exp{g){x,y) = G, then 

= g{X)R+{sk+2 + ■ ■ % + itk+2 + ■ ■ 

where R = x-^ + y-^ and X = (x, y). Since [f, g] = 0, each j-jet has to be zero. The 
2k + 2-jet is [fR, Sk+2^ + 4+2 1;] + [Pk+2^ + qk+2^, gR] = 0, by a straightforward 
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calculation we have 

^ d d d d df df ^ 

m -.+2^ + h^2-^] = {k + l)/(-.+2^ + - (..+2^ + t.+2^)i?, 

therefore 

, , (9/ df dg dg. 

df df dg dg 

In particular, 

/gfc+2 - gPk+2 _ ftk+2 - gqk+2 

X y 

or equivalently, f{xsk+2 - ytk+2) = g{xqk+2 - yPk+2), but gcd{f, xqk+2 - yPk+2) = 1, 
it follows that f\g, and since / and g have the same degree then g = rf where r e C. 
Substituting g we obtain the system of equations 

{k + l)f - x^ -x^ \ / Sk+2 - rpk+2 ^ Z' 

-y% {k + l)f-y%)\h+2-rqk+2) \^ , 

multiply by the adjoint matrix (/c + l)/^ ( ^'^^^ ^Pk+2 j _ | ^ A ^^^^ ^^^^ _ j-p^^^ 

V ik+2 — rqk+2 J \^ J 
and tk+2 — fqk+2- Notice that this last calculation is true in arbitrary dimension. 
Finally, suppose that s^+j = rp^+j and tk+j = rqk+j for j = 2, . . . , i. The {2k+i + l)- 

- ^] + \pk+i+i ^ + qk+i+1 ^ , 



jet of the bracket is [fR, Sk+i+i-§^ + tk+i+i-§-] + \pk+i+i-^ + qk+i+i-§z, gR] = because 



the symmetrical terms of the summation 

gbfc+,^ + qk+j-^, ^^=+^+2-,^ + tk+^+2-J-^] 

is zero. Then the equalities Sk+i+i = rpk+i+i and tfe+j+i = rqk+i+i follows in the 
same way to the case k + 2. □ 

Observation: The condition over F is generic and means that (0, 0) G is an 
isolated singularity of fo = {f{x,y)x+pk+2ix,y))-§;;: + ifix,y)y + qk+2{x,y))-§^. With 
a similar condition the theorem is true in arbitrary dimension. 



5 Convergent Orbits 

Definition 5.1 Let F e Difrfe+i(C", 0), where F{X) + Fk+i{X) + ■■■. We say 
that [V] e CP{n — 1) is a characteristic direction of F, if there exists A e C such 
that 

Fk+i{V) = \V 

Moreover the direction [V] is called non degenerate if X^O. 
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Definition 5.2 Let F G Diff2(C",0). A parabolic curve for F at the origin is an 
injective map (p : Di ^ C", where Di = {x\ \x — 1\ < 1}, holomorphic in int{Di), 
such that ip{0) = 0, f{Di) is invariant under F and (Fj^iJ" when n — oo 



Theorem 5.1 (Hakim [JlCHj) Let F G Diff;;+i(C", 0), then for every non-degenerate 
characteristic direction [V] there are a parabolic curves tangent to [V] at the origin. 



Theorem 5.2 (Abate |]T|]) Let F G Difffc_|_i(C^, 0) such that the origin is a isolated 
fixed point. Then there exist k parabolic curves for F at the origin. 

Denote r{v) = qk+i{l,v) - vpk+i{l,v) and p{v) = pk+i{l,v). 

Lemma 5.1 Let F G Difffc+i(C^, 0) and suppose that {xn,yn) = -^(a^n-i, 2/n-i) is a 
sequence converging to such that ^ — > t> when n — oo. Then 

lim — r = —kp{v) 

n^oo nx'^ 

Proof: After a blow up at G in the chart y = xv, we obtain the diffeomor- 
phism 

'Xi\ ~. . f X + x''^^p(v) + x''^'^Pk+2i'^,v) + ■ ■ 

] = I' {x,vj = \ . , , 

f 1 / \ V + x''r[v) + ■ ■ ■ 

Rewriting the first equation 

1 1 



X 



k 



{x + x'^~^^p{v) + x'^~^'^Pk+2{^, v) + ■ ■ 

= J_(l + + x'^^ W(l, v) + -- ■)-' 

x'^ 
1 

= -r -^P(^) + o(a;). 
x'^ 

Let's define {xj,Vj) = From the equation above we get the telescopic 

sum 

1 1 " 1 1 " 

■ZI-ZI = J2zk-Z:^ = - Y.^kp{v,.i) + o(x,_i)) 
Divide by n and make n tends to oo, we deduce 



1 1 " " 1 

— r = —k lim — \ kP{vj_i) + lim > — o(x,_i) = —kp{v). □ 



lim 

n^oo nX'l n^oo n ^ — ' ' " ' n-»oo ^ — ' n 

n j=i j=i 



Proposition 5.1 Let {xo,yo) G U open neighborhood of such that the sequence 
{xj,yj) = F{xj^i,yj-i) converge to 0, and |^ converge to v E CP(1) = C, then 
r(t>) = 0. 
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Proof: From the lemma |5.1| . we have hm^^oo = ~kpk+i{^, v) and the same way 
hm^^oo = -kqk+iil, Dividing these relations we get 

]_= lim ^ = ^'"^"""^ "fe = 

therefore v^'^'^qt+i^^, 1) - vpk+i{l,v) = r{v) = 0. □ 



Theorem 5.3 Let F : (C^,0) — * (C^, 0) be a dicritic diff'eomorphism fixing zero, 
i.e. F can he represented by a convergent series 

y) = (^^ y) + Pk+2{x, y) + -- 

\y + ypk{x,y) + qk+2{x,y) + ■ ■ 

and F = Il*F : (C^,D) —>■ {C'^,D) the continuous extension of the difjeomorphism 
after making the blow-up in (0,0). Then there exist open sets U^,U^ C such 
that 



1. U+ UU- is a neighborhood ofD\ {(1 : v) G D\pk{l,v) = 0}. 

2. For all P G , the sequence {F"'{P)}nm converge and lim F"'{P) G D. 

n—*oo 

3. For all P G , the sequence {F^"(P)}„gN converge and lim F~'^{P) G D. 

Proof: Making a blow up at (0, 0), and regarding the diffeomorphism in the chart 
(x, f), f = I we obtain 

xi\ _ ~, \ _ + x''^^p{v) + ^°^2 ak+j{v)x''+^ 



where aj and bj are polynomial of degree less than j + 2. Let g be a arbitrary point 
in D\{(1 : v) G D\p{v) = 0}. We can suppose making a linear change of coordinates 
that q = (0,0) G C^. Since F is holomorphic in some neighborhood of (0,0) there 
exist ri, r2 > and constants Ci, C2 > such that 

II sup aj(f)|| < Cirg, and || sup &j('y)|| < 6*2^2 for all j. 

|ti|<ri |i)|<ri 

Now making a ramificated change of coordinates w = it follows that 



Wi 



W K 
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is holomorphic in {{w, v) G CfeXCj \v\ < ri, \w\ > rg}, where is a /c-fold covering 
of C*. In particular there exist C3, C4 > such that 



sup Cj(T;)|| < Csr^ for all j and 

\v\<ri 



1 



•k+j[v) 



< 



Choose ri > r > such that 

/ 4C3 



pM _ 1 

p(0) 



i? > max < Tn 



+ 1 



where C{k) 



1 



(l + X^j'^aV 



\k\pm 

dx < k Let 



< \ for all |v| < r, and 



(2^4)^ A , 4CWV 1 

k\pm) ' 



l^+(a) = |(w,^;)eCfcXC 



< a, 



ar, 



2R \ 

^ \,~m ~ W)\) 



< 



2tt 



where arg is defined from to (— 7r,7r]. It is easy to prove that V^{r) C {{w,v) e 
CfeXCI \v\ < r, \w\ > R}. 

Claim: For all p — {wq, Vq) G V^{^) we have 

1. = {wn,Vn) e V+(r) for all neN. 

2. The sequence {vn}n6N converge. 

3. \wn\ — > 00 when n — > +00. 

Proof of the claim: For a arbitrary point {w, v) in V^{r) wc have 



1^1 - (w - kp{0))\ < 



00 

k{p{0)-p{v)) + J2cAv) — 



00 



< A.|p(0) -p{v)\ + E^3^ < + Cs—i 



|P(0)| 



r2 



\w\k — r2 



r2 



m\ 



Let p = {wq^Vq) e and suppose that {wi,Vi) e ^^^'^(O for i — 0, . . . ,j — 1. 

Then 



kj-(^o-J^p(0))| = I'^Wi-iwi^i-kpiO))] <'^\wi-(wi^i-kp(0))\ <jk 



i=l 



i=l 
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therefore Wj — Wq — jkp{0){l + 5j) where \5j\ < |, and 

+ jk{l + Sj), 



Wj 2R Wo 2R 



p(0) |p(0)| p{0) \p{0)\ 

but since | arg(l + 5j)| < f it follows that | arg(— ^ — |^^)| < Now notice that 

\vi\ < \vi-i\ H ^Vtt for alH = 1, . . therefore 1^;^! < It^ol + — ^TZT' ^ut 

hi-ii "^^ Iwi-il ^ 

j ^ oo ^ 



1 /■°° 1 



1 

A;|p(0)|i?^ Jo + 

r 

< 



2C4' 

it follows that \vj\ < r, and therefore {wj,Vj) e V^'^(r). Now we have trivially that 
\wj\ = \wq — jkp{0){l + Sj)\ — > CO when n — > 00 and {fjljgN is a Cauchy sequence 
because Xli^o — ^ Cauchy series. 

In the same way we can obtain the open set Vg' changing in the proof the dif- 
feomorphism germ F by F~^. Finally we conclude the proof making = [jVg^ 
and U- = \J V- where qE D\{{l:v) E D\pk{l, v) = 0}. □ 



Theorem 5.4 Let F E Diffjk+i(C^ 0), where F{x,y) = 



x+pk+i{x,y) H \ 

y + qk+i(x,y) H J 

and r{v) — vpk+i{l, v) — qk+i{l, v) ^ 0. Suppose that vq E C satisfies r{vo) = and 
pK) > 0. Then there exist open sets and U~ such that (0,0) E dU^ and for 
each point (a+,6+) E [/+ and {a~,b~) E U~ the sequences {a^,b^) — F='="((a='=, 6=*=)) 
converge and 

lim F±"(a±, b^) = and lim ^ = lim ^ = ^;o. 

Proof: For a linear change of coordinates we can suppose that vq — 0. Let 

r{v) = vs{v), a = s(0), p = p{0) and F : {&,D) (C^ D) the continuous 
extension of the diffeomorphism after making the blow-up H at (0,0), i.e. in the 
chart {x, v) where y = vx 

I . ~. . ( X \ x^"'^p{v)^x^"''^{- ■ ■) 
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Since F\d — id\D can forget the dynamic va. D — {x — and make a ramificate 
change of coordinates w — Then F is representing in the {w,v) coordinates 
system as 

w - kp(v) + o{-hk) 



In particular, there exists a neighborhood A = {{w,v) G C^xC| 1^1 > Ri, \v\ < ri} 
of (oo, 0) and constants Ci, C2 > such that 



— {w — kp{v))\ < Cy 



1 



and 



vi — v(^ + 



s{v) 



w 



<C, 



Let denote — ^ — \ arg(|)| > 0. Choose < r < ri such that 



< - sin -, 
2 2' 



arg 



s{v) 



a 



<2 



and R > max i i?i + 1, 

I \|/3|Ksm 



1 + 



2C{k) 



fc(l-sm 1)1/31 



. Let define 



V+{a) = e >1| |^;| < a, U{-e^^') < -R} 



a 



See that for all {w,v) e V+{r) we have 3?(^) < -R, i.e. ^ is in the disc of 
center — and radius it follows that 



1 + ^ 



< 1. 



In addition 



\wi-iw-k(3)\ < \kiP-piv))\ + C, 



\w 



|i/fc 



< 



. e k\(3\ . e 

sm — I sm - 

2 2 2 2 



e 



sm 



Let p — (u»o, Vq) e and suppose that (wj, t'j) e F+(r) for i = 0, . . . , j — 1. 



Then 



- (wo - < |wi - {wi-i -k(3)\ < jk\(3\ sin-, 



i=l 



therefore Wj — Wq— jk(3(l + 5j) where \5j\ < sin |. Now since ^ — ^ ~i^f (1 + 
and 



arg(^(l + 5,)) 



< 



arg ■ 



+ |arg(l + 5,-)|< 2-^+2 = 2~2' 



it follows that 3fJ(f (1 + 5j)e^'^') > and therefore lk{^e^i') < -R. 
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In order to bound Vj, see that 

S(fj-l) 



Vi < 



1 + 



Vi-1 



+ 



Co 



- — r < 



'i-i 



+ 



Co 



Wi-i 



1+1 



for alH = 1, . . . , j, using a similar calculation as the inequality in (j^) we have 

j 



Co 



1=1 



— r < I"- 



It follows that {wj, Vj) G V~^{r), \wj\ = \wq — jkp{0){l + 6j) \ — > oo when n ^ oo 
and {vjjjeN is a Cauchy sequence because Ylilo — ^^i+r ^ Cauchy series. Moreover 

\Wi\ +fc 

from the proposition |5.1| we know that {vj}j^fi converge to 0. □ 



6 Normal forms 

Let F,G E Difffc_|_i(C^, 0) such that their {k + l)-jet are equal and suppose that 
they are formally conjugate. Let F(x,v) = (^^^_^^kj^^^^ ^ C{x,v) = 

'be the diffeomorphisms obtained after the blow-up at where 



V + x'^r(f ) + ■ ■ ■ 

r(f ) and p{v) are polynomials of degree {k + 2) and {k + 1) respectively. Let 

if be a formal diffeomorphism that conjugates F and C. Notice that H{x, v) = 

/ x + x^+^hii(v) \ 

"^"oo ; , / \ where hi i and h2 1 are polynomial of degree I + 1 and I + 2 
V '" + Z2i=ix'h2,i[v) J 

respectively, in particular hi^i and /i2,/ are holomorphic functions in C. The following 



definition is borrowed from 22 



Definition 6.1 A formal Taylor series in x is called semiformal in U if its coef- 
ficients holomorphically depend on v in the same domain U . A formal change of 
coordinates is called semiformal in U if its components are semiformal series in U . 

It is clear that if if is a semiformal change of coordinates in C, then F and 
C are semiformally conjugates in C. We are interested in finding some semiformal 
invariant, for that we need the following lemma. 

Lemma 6.1 Let F and C as above. Suppose that G — F = \ i, . ; , / \ 

\^ x''+'02(^^) H 

and that H{x,v) = f ^ ~^ ^ ^ ] conjugates F and G, i.e. CoH = HoF. 



Then 



V + X h2{v) + 



r(,A ,hiiv)\_fik-l)p{v) p'{v) \ (hi{v)\ _ fMv)\ 

^ ^ ^ h2iv) J I kriv) r'iv) - lp{v) J [h2iv) J [Mv) J ' ^ ^ 



23 



Proof: For the lemma we have 
= GoH - HoF = GoH - Ho{G + (F - G)) 

' 2k+2l+2t \ 

GoH - HoG - VH{G) ■{F-G)+' ^ ' 



{k + l)x''p(v) x''+^p'{v)\ fx^+^hi{v) \ _ ni + l)x^hi{v) x^+^h[{v) \ C x''+^p(v) 

kx^^^r{v) x^r'{v) j \ x^h2{v) J \ lx^^^h2{v) x'/i2(f) / V x^r{v) 

^fc+/+i((^ - l)p{v)hi{v) + p'{v)h2{v) - r{v)h[{v) + 4>i{v)) \ /x^'+'+2(. • •) 

x^+\kr{v)hi{v) + {r'{v) - lp{v))h2{v) - rivW^iv) + Mv)) J ^ U^'+'+H" ' O 

In particular, we obtain the linear differential equation (Bj). □ 



Proposition 6.1 Let F and G as in the lemma Suppose that r{v) ^ and U 
is a simply connected open set o/C\ {r(t>) = 0}. Then ^ has holomorphic solution 
in U. 

Proof: It follows from the fundamental existence theorem for the holomorphic 



differential equations (See ||23| Theorem 2.1). □ 



Proposition 6.2 Let vq be a root of r{v). Suppose that ^jj^ ^ Q- Then there 
exists a holomorphic solution {hi, h2) of ^ in some neighborhood of vq if and only 
if one of the following condition is true 

1. l^k. 

2. l = k and p'{vo)4>2{vo) = (r'(fo) - kp{vo))(f)i{vo) ■ 
Moreover, that neighborhood is independent of the integer I. 

Proof: Let r(v) = (v — Vo)s{v) and a = ^ Q, we are interested in finding a 
solution of 

in some neighborhood of vq. 



1^ _ n vM p'("o) 

V ^ s{vo) 

g r' (vo)-lp{vo) 



Since the difference between the eigenvalues of ( ' ^ ''(^o) | is not 

sivo) 

a integer, it is known (See |^) that there exists a holomorphic change of coordinates 
Z = P{v)X (-P(wo) = Id) in some neighborhood V = B{vo,R) of vq such that the 
system of differential equations (|^) is equivalent to 

, x^/ f(k-l)a fMv)\ /ON 
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In addition, R only depend on the radius of convergence of the series that defines 

~]) around Vq, and then independent of /. 



locally each function in 
Thus, we know that 



^ Bj{v — voY for all |w — fo| < -R, and then if 

j=0 



we write Z = XI 7=0 '^o)"'; we obtain for each j a linear equation 



J - (1 - la) 



A, 



Notice that, in the case / 7^ A; or j 7^ this equation has solution because a ^ 
and when / = k and j = we obtain the linear equation 



p'jvp) 
r'ivo) 



r'{vo) 



A, 



1 



which has solution if and only if p'(t'o)02(^^o) = ('^'('^0) — kp{vo))(f)i{vo). Moreover 



lim \\A^ 



J^OO 



\i < lim 



j — {k — l)a —a 
3 



p{vo) 

1 — la 



-1 



1 



Therefore that the solution is holomorphic in B{vo,R). 



□ 



Theorem 6.1 Let Fix, v) = j ~'~ p{v) + \ ^ ^^^-j. pf j^fy] Sup- 

V ' ^ \^ + x^r(v) H J j \ j 

pose that 7^ vfva) ^ ^^^'^ there exists € C such that F is semiformally 
conjugate with 

- 1^ w + x^r{v) 

in some neighborhood of vq. 

Proof: We will go to construct the semiformal conjugation H by successive ap- 
proximations. Define by induction the sequences Fi and Hi from the initial condition 
Fq = F and Hq = id. 

Now for / > 1 and / 7^ k, from the proposition |6.1| we know that the system of 
differential equations (|^) in the lemma |6.1| , where G = Fi_i and 

has holomorphic solution (/ii,/, /i2,«) in some neighborhood U that is independent of 
In the case / = k see that 
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then if we define 

K = 01 



r'(fo) - kp{vo) 



Hi{x,v) = ( "^.^.^^ ^'Z),^^ and = H'^ o o 



it follows for the proposition |6.1| , that there exists holomorphic solution (hi k, h2 k) 
of (I). 

In any case we could define 

X + x''^^hi^i{v) 
V + x^h2,i{v) 

See that in this case Fi and Hi are holomorphic diffeomorphisms in U. 

Moreover, H = lim„^oo Hn o ■ ■ ■ o ifg is a semiformal diffeomorphism that conju- 
gates F and Fx^^ in U. □ 

Since this conjugation is defined locally around some root of r{v), and we are 
interested in some global conjugation defined at some neighborhood of the divisor, 
first we need to construct some diffeomorphism that can be locally conjugate with 
F around every point of the divisor. 

For that, let Lf{v) denote the Lagrange interpolation Polynomial of the points 

where Vj is root of r{v) =0 and Xj is the constant found in the theorem |6.1| . It is 



a simple consequence of the theorem |6.1| that for all U simply connected open set 



that contains only one root of r(v) = there exists a semiformal conjugation in U 
that conjugates F and 

'x\ f X + x'^^^piv) + Lf{v)x'^^^^ \ . . 



V J \ V + x'^r(v) 



Notice that the diffeomorphism represented by (|^) does not necessarily come 
from the blow up of some element of Diff (C^, 0). 

But it is easy to see, using the theorem that the blow up of 



is locally semiformally conjugate with (^, and then it is locally semiformally con- 
jugate with F for k > 2. Moreover, in the chart (x, v) the diffeomorphism F^ has 
the following representation 

X + x'''^^p{v) + Lf{v)x'^''~^^ 
V + x'^r(f ) — x'^^r{v)p{v) + x^''{- ■ ■ 

Let U = {?7i}i=i,...,A;+2 a covering of CP(1) = n~-'^(0) such that Ui, Ui fl Uj are 
simply connected open sets, such that no four of them have a nonempty intersec- 
tion and Vi is in Uj if and only if i = j. For each j there exists a semiformal 
diffeomorphism Hj such that Hj o F = F^ o Hj in Uj. 

Let Hij = Hj o Hi semiformal diffeomorphism defined in Uj fl f/j. Observe that 
each Hij commutes with Fl. 



II*Fl{x,v) 
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Theorem 6.2 The cocycle {Hy} determine the class of formal conjugation of F. 

First, we are going to prove that the cocycle {Hij} determine the class of semiformal 
conjugation of F. In fact suppose that {Hij = Hj o Hl^^} is the cocycle associate 
to G. Then 

o = h; o nr' 

in Ui n Uj, thus H = Hj'^ o H'j = Hf^ o H[ is a global semiformal diffeomorphism 
that conjugate F and G. Let 

j=k+i 

oo 
j=k 



be the representation of H at the chart {x, v) G Ui and 

j=k+i 



\ j=k ) 



be the representation of Fl at the chart (|/, s) G f/2 where Ui U2 — (C, 0)xC and 
the change of coordinates between Ui and U2 is given by 



Therefore, we have that 
and 



j=k+l / \ 7=A: 



fa;. 



){ysy 



j=fc+i 



1 



s + Yb2j{s)y^ 



',+j:%ka2my-^y 

for every (y, s) G (C, 0)xC*. 

Thus, it is easy to prove making the product and proceeding by induction that 
0'2j{-)s^~^ is holomorphic function in C and therefore a2j{v) has to be a polynomial 
of degree < j — 1, the same way aij(f) has to be a polynomial of degree < j. Then, 
we can conclude that is a blow up of the formal diffeomorphism in the variables 
X, y that conjugate F and G. □ 



Observe that in the dicritic case, i.e. r = 0, the system of equations (j^) of the 

(10) 



lemma 16.11 reduces to 



{k — l)p{v) p'{v) 
-lp{v) 



hi{v) 
h2{v) 
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Theorem 6.3 Let F G Difffc_(_i(C^, 0) be dicritic diffeomorphism and F{x,v 



y _l_ ^ J ■ 2^^en t/iere exists a unique rational function q{v) such 

that F is semiformally conjugate to 

X + x^^^p(v) + x^^^^qiv) 



G 



F 



V 



in C\ {p{v) = 0}. In addition, q{v) = pfl^tl+i where s{v) is a polynomial of degree 
2k + 2 + 2kd{p{v)). 



Proof: Follows the same procedure to the proof of theorem |6.1| . Define by induc- 
tion the sequences Fn and Hn from the initial condition Fq = F and Hq = id, and 
for J > (jV k), if 



Fj-i - Gi 

define 



x^+^+^<pij{v) + ■ 



where (/iij, /i2,j) is the unique solution of (p!0D, i.e. hij = ^^^j^^^^^ + ^ '"^^^^y^^ and 

h2,j{v) = — '^jpfj)' ■ See that the degree of hij and are j + 1 and j + 2. 
In the case j = k we have that 



-^fc-i — Gi 



a;^V2,fe(f ) + ■ ■ ■ 



where q{v) is the unique function such that the system of equations ([10|) has solution, 

kp{v) p'i^j) 



i.e. = = ^i^;^, therefore 



^(-) = Mv) 

Finally, it is easy to prove inductively that 0j j (i = 1, 2) are of the form ^^^^ where 
ipi,j and 4'2,j are polynomials of degree k+j + l + 2jd{p{v)) and k + j + 2 + 2jd{p{v)) 
respectively, and then we conclude that q{v) is of form q{v) = where s{v) is 

a polynomial of degree 2A; + 2 + 2kd{p{v)). □ 
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